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Abstract

Manifold capacity is a tool for interpreting artificial and biological neural repre-
sentations. Although the technique has shown utility in many analyses, an open
question remains about whether the theory can also be used as a training objective
for useful/robust neural representations. Previous work has made progress towards
this goal in self-supervised learning settings by making assumptions about the
shape of the manifolds. In this work, we use differentiable quadratic programming
to maximize manifold capacity directly, without using simplifying assumptions.
We show that our technique can match the overall performance of the pre-existing
baselines with the ability to tune a hyperparameter to minimize the cumulative
gradient steps or the total training samples. Our results show promise for exploring
domains less suited to pre-existing simplifying assumptions, and our results add to
the mounting evidence of manifold capacity as a powerful tool for characterizing
neural representations.

1 Introduction

Manifold Capacity Theory (MCT) has developed over the past decade as a tool for characterizing
neural representations. The technique asks the simple question of how easily a set of neural manifolds
(or point clouds) are to be linearly separated by a randomly sampled hyperplane. The theory originated
as a tool for biological neural networks [Froudarakis et al., 2020, Yao et al., 2023, Paraouty et al.,
2023, Chou et al., 2024] and has since been recognized as a useful tool for artificial neural data as
well [Cohen et al., 2020, Stephenson et al., 2021, Dapello et al., 2021, Kuoch et al., 2023].

Given the successes of MCT for neural data analysis, an immediate question arises as to whether
it can also be used as a tool for representation learning. Can maximizing manifold capacity be a
meaningful objective for useful neural representations? And if so, how can we practically incorporate
manifold capacity into a training objective? Answering these questions would not only provide a new
way to train neural networks, but would also add to the mounting evidence of the utility of MCT as a
tool for neural analysis.

The prior work of Yerxa et al. [2023] made progress towards this goal in the domain of computer
vision by making a simplifying assumption that the neural manifolds are elliptical. They called
the technique Maximum Manifold Capacity Representations (MMCR). Their elliptical assumption
allowed them to efficiently pre-train convolutional neural networks in a contrastive, self-supervised
learning (SSL) setting. Although the elliptical assumption worked well for creating useful features
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in vision, it is less clear that this assumption is suited for less smooth domains such as language
modeling or higher level cognitive processing. Can we move beyond the simplifying assumptions
used in MMCR to directly optimize for manifold capacity?

In this work, we use the latest formulation of MCT [Chou et al., 2024] combined with relatively recent
developments in differentiable quadratic programming [Agrawal et al., 2019] to demonstrate that it is
possible to perform direct manifold capacity optimization (DMCO). We show that using DMCO, we
can match the performance of MMCR in representation learning on Cifar-10 [Krizhevsky et al.] with
the ability to minimize the cumulative number of gradient steps or overall training samples depending
on hyperparameter choices. Although these results are from toy settings, they show promise for
the future of DMCO in SSL, and they serve to further validate the legitimacy of MCT as a tool for
characterizing neural representations.

2 Related Work

Many SSL methods for learning vision and multimodal representations operate by encouraging
related data points ("positive pairs“) to be nearby in the representation space while employing
some mechanism to prevent trivial collapsed solutions. Instance and dimension contrastive methods
[Balestriero and LeCun, 2022] require diversity in the representation over unrelated data points and
feature decorrelation respectively. While these examples are most relevant to the current work many
other approaches exist, see [Balestriero et al., 2023] for a comprehensive review.
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Figure 1: A comparative analysis of manifold geometry at different layers of the model trained using
DMCO and MMCR.

3 Methods

3.1 SSL in Computer Vision

All of our experiments are performed in a self-supervised learning (SSL) setting on images from
Cifar-10 [Krizhevsky et al.]. We follow the same procedure as that of Yerxa et al. [2023], where
we sample a batch of b images and create k random augmentations of each image. This results in
a matrix of inputs which are then processed by an ANN, fθ(x), that is parameterized by θ. The
outputs of fθ(x) are projected onto the unit sphere which results in a matrix of outputs Z ∈ Rm×d

where m = bk and d is the dimensionality of the representations. We treat the representations,
zi,j ∈ {zi,1, zi,2, ..., zi,k}, resulting from a single input image, xi, as a single manifold. In general,
the goal of the SSL method is to make representations within a manifold more similar, and make
representations between manifolds more dissimilar.

3.2 Direct Manifold Capacity Optimization (DMCO)

Manifold capacity is a metric that can be used to characterize the coding efficiency of neural
representations. The original definition of manifold capacity is the critical number of manifolds per
neuron that are linearly separable. This corresponds to how efficiently the neural state space packs

2



the manifolds. Recently, it was found that there are variational forms for manifold capacity [Chou
et al., 2024]. In this work, we focus on the version related to decoding robustness. Intuitively, this
form measures the quality of a randomly sampled hyperplane T for (linearly) separating the neural
manifolds. Concretely, we can start with the primal problem:

min
v

∥v − T∥2 (1)

s.t. yi · ⟨zi,j , v⟩ ≤ 0 ∀ i, j (2)

Where T ∈ RN defines a sampled hyperplane from the normal distribution, z ∈ RN is a single
representation, yi ∈ {−1, 1} is a randomly sampled label assigned to manifold i, and v ∈ RN is the
vector to be minimized. Intuitively, v is the closest decision boundary to T that successfully separates
the manifolds. Equation 1 can be solved using Langrange multipliers and quadratic programming.

Once the Lagrange multipliers are found, manifold capacity, denoted as α, can be calculated using
the following formulation [Chou et al., 2024]:

α−1 = E
T∼N(0,Id)

y∼{−1,1}


∥∥∥∥∥∥

b∑
i=1

k∑
j=1

yiλi,j(Z, y, T )fθ(xi,j)

∥∥∥∥∥∥
2

2

 (3)

Where i indexes the corresponding manifold, j indexes a point within the manifold i, y is a vector
of all sampled yi, λi,j is a Lagrange multiplier that is dependent on T , y, and all data points Z, and
fθ(xi,j) is the neural network representation, zi,j , from a data sample xi,j .

We use Differentiable Convex Optimization Layers [Agrawal et al., 2019] to calculate each λ in a
differentiable way. This allows us to use α−1 as a loss function and directly maximize α with respect
to the weights θ using gradient descent.

Similar to results found in MMCR, we found empirically that directly minimizing α−1 yielded poor
results, likely due to a dimensionality collapse of the features [Yerxa et al., 2023, Jing et al., 2022].
To prevent this collapse, we introduce two different capacity terms. The first is the local manifold
capacity loss, α−1

ℓ , which is calculated and minimized as described in Equation 3. The other is the
global manifold capacity reward, α−1

g , which we seek to maximize. To calculate α−1
g , we start with

Equation 3 but we replace the fθ(xi,j) terms with the centroids, cθ,i, of each manifold and then use
all the centroids as points within a single manifold.

cθ,i =
1

m

m∑
j=1

fθ(xi,j) (4)

α−1
g = E

T∼N(0,Id)

∥∥∥∥∥
b∑

i=1

λi(C, T )cθ,i

∥∥∥∥∥
2

2

 (5)

Where C ∈ Rb×d is a matrix of all centroids included in Equation 5.

We then combine the global and local objectives using a weighting term, ϵ, for a single loss function
that can be minimized using stochastic gradient descent.

L = ϵα−1
ℓ − (1− ϵ)α−1

g (6)

See Appendix A.2 for hyperparameter settings.

4 Results

We turn our attention to Figure 2 where we compare the k-Nearest Neighbor (kNN) performance of our
Direct Manifold Capacity Optimization (DMCO) to Maximum Manifold Capacity Representations
(MMCR) on ResNet-18 architectures trained on CIFAR-10. We look at performance over the course
of training both in terms of model updates and cumulative data samples during training. We see that
DMCO matches the performance of MMCR with the ability to minimize the cumulative number of
image augmentations used for training or the cumulative number of gradient steps. We emphasize
that the elliptical manifold assumption used in MMCR is likely well suited to manifolds in early
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Figure 2: A performance comparison of different training methods showing the kNN classification
accuracy on held out data using the learned model features. We can see that DMCO matches the
performance of MMCR with the ability to minimize data consumption or number of model updates.
Data steps are measured as total image augmentations. Gradient steps are measured as number of
model updates.

Figure 3: Low dimensional visualizations of the learned model features trained using DMCO with
20 views. Left: 2 dimensional t-SNE. Right: 3 dimensional PCA.

visual processing. As such, it is reasonable to expect that MMCR will learn faster in visual domains
than DMCO and that the two methods will have similar final performance.

A qualitative visualization of the DMCO (20 View) learned features can be found in Figure 3. We can
see that reasonable clustering emerges from the training. Automobiles, ships, and trucks are clustered
near one another; cats and dogs are clustered together with limited separation; deer and horses are
nearby one another; birds and airplanes have a large degree of overlap; and ships and airplanes are
clustered near one another.

Lastly, we examine the geometric analysis in Figure 1. This analysis was performed using manifolds
formed over class labels from the Cifar-10 test set. In general, manifold capacity is maximized when
radius, dimension, and center alignment are small and when axes alignment is high. We can see
that MMCR and DMCO produce relatively similar geometries at the final layers except that DMCO
produces a more optimal radius and axes alignment whereas MMCR produces more optimal center
alignment.
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5 Conclusion

This work has demonstrated how to directly optimize manifold capacity in vision models. We have
matched the performance of MMCR while maintaining data consumption and gradient steps. We have
shown that the two techniques produce relatively similar manifold capacity with slightly different
geometric measures. This work serves as a proof of principle that manifold capacity can be used as
an optimization objective for useful visual features. This serves as a new method for the field of SSL,
and it serves to further validate manifold geometric analyses as relevant methods for neural analysis.
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A Appendix / supplemental material

A.1 Model Architecture

The code for all model trainings was implemented using PyTorch [Paszke et al., 2019]. We import the
ResNet-18 [He et al., 2015] architecture from the torchvision package without pre-trained weights
and remove the max-pooling layers for generation of the visual features. We then feed the flattened
visual features into a 2 layer multi-layer perceptron with a first layer of 1024 units, and a second layer
of 32, with a batch normalization [Ioffe and Szegedy, 2015] followed by a ReLU nonlinearity at the
hidden layer.

A.2 Additional Settings

In the DMCO framework, we have the ability to choose the number of manifolds to include in a
single forward pass of Equation 3 for both the local and global objectives. It seemed to be helpful
to have a number of image augmentations, k, that was greater than the number of manifolds for the
local objective. We believe this is due to the randomly sampled binary labeling within Equation 3
that can lead to inefficient manifold credit assignment if the number of manifolds is large. For the
results in this paper, we used 10 manifolds with the reported number of augmentations (or views).
The global objective, however, appeared to benefit from larger numbers of samples. In practice, we
summed 3 independent calculations of α−1

ℓ and then combined each of their respective 10 centroids
for the global calculation of α−1

g . We used an ϵ of 0.99 to weight the summed local objective from
Equation 3.

We also have the choice of the number of samples of T to use to approximate the expectation in
Equation 3. We used 100 samples, additionally sampling the labels, y, uniformly for each sampled T .
We found that increasing the number of samples improved results, although it comes with a cost of
computational efficiency. We used CVXpy Layers with the PyTorch backend with default settings
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[Agrawal et al., 2019] to differentiate through Equation 3. For all trainings, we used a learning rate of
0.001. We used Nvidia A40 GPUs for accelerated computation.

The t-SNE [van der Maaten and Hinton, 2008] and PCA [F.R.S., 1901] were performed using the
SciKit-Learn package [Pedregosa et al., 2011].
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